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Introduction
This paper is for the most part an English version of some results about
ends of graphs which appeared in five French-written papers [1014].
Nevertheless it is neither a mere translation of those papers nor an
exhaustive rewriting of them. We have mainly considered the concepts and
results which, more often than others, turned out to be useful in subsequent
papers. Some of them have been improved, while others have been restated;
many proofs are quite different from the original ones.
The first part deals with the fundamental properties of ends. First we
give some relations between the thickness and the domination of an end.
Then we study the three important classes of sets of vertices called concen-
trated, fragmented, and dispersed. These sets proved to be useful for
characterizing the fundamental aspects, ``height'' and ``width,'' of infinite
graphs, as well as for showing that a subgraph is rayless or on the contrary
contains an element of a given end. In Section 4, we define a uniform struc-
ture on the vertex set of a graph G in such way that the associated
topological space is compact if and only if G is finite. More precisely, this
uniform space is complete if and only if G is rayless, and totally bounded
if and only if each cofinite induced subgraph of G has only finitely many
components. The completion of this space is obtained by canonically
extending the uniformity to the set of all vertices and ends of G. The
induced topology on the end set of G corresponds to the topology
originally introduced for locally finite graphs by Freudenthal [2] (later
reintroduced by Jung [8]). The last section is devoted to the study of
particular subgraphs, mainly trees, of a graph, from the viewpoint of the
associated end topology. We prove that a graph G contains an end-faithful
tree whose end space is homeomorphic to that of G if and only if this space
is ultrametrizable.
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1. Preliminaries
1.1. Each ordinal : is defined as the set of ordinals less than :.
If X is a set we denote by |X | its cardinality and, for a cardinal n, by [X]n
(resp. [X]<n, [X]n) the set of its subsets of cardinality n (resp. <n, n).
1.2. A graph G is a set V(G) (vertex set), together with a set
E(G)[V(G)]2 (edge set). For x # V(G) the set V(x; G) :=[ y # V(G)) :
[x, y] # E(G)] is the neighborhood of x, and its cardinality is the degree of
x. A graph is locally finite if all its vertices have finite degrees. H is a sub-
graph of G (HG) if V(G) and E(H ) are subsets of V(G) and E(G),
respectively. H is an induced subgraph (HG) if H is a subgraph such that
E(H )=[V(H )]2 & E(G). For a set A of vertices of a graph G we denote by
G[A] the subgraph of G induced by A. If B is any set of vertices, and H
any graph, we define G&B :=G[V(G)&B] and G&H :=G&V(H ). The
union of a family (Gi)i # I of graphs is the graph i # I Gi given by
V(i # I Gi)= i # I V(Gi) and E(i # I Gi)= i # I E(Gi). The intersection is
defined similarly. If (Gi) i # I is a family of subgraphs of a graph G, the sub-
graph induced by the union of (V(Gi)) i # I will be denoted by i # I Gi . If H
is a subgraph of G, and X a subgraph of G&H, the boundary of H with X
is the set B(H, X) :=[x # V(H ): V(x; G) & V(X){<]. In particular,
B(H ) :=B(H, G&H ) is the boundary of H. The set of components of G is
denoted by CG , and if x is a vertex of G, then CG(x) is the component of
G containing x.
1.3. A path P :=(x0 , ..., xn) is a graph with V(P)=[x0 , ..., xn],
xi{xj if i{j, and E(P)=[[xi , xi+1]: 0in]. A ray or one-way infinite
path R :=(x0 , x1 , . . .) is defined similarly. A subray of a ray R is called a
tail of R. A graph is rayless if it contains no ray. A path (x0 , ..., xn) is
called an x0xn -path, x0 and xn are its endpoints, while the other vertices are
called its internal vertices. If x and y are vertices of a path P, then we
denote by P(x, y) the subpath of P whose endpoints are x and y. The initial
vertex of a ray R=(x0 , x1 , . . .) is called the origin of R, and R is said to
originate at x0 .
For A, BV(G), an AB-path of G is an xy-path of G with x # A, y # B,
and no internal vertex in A _ B. If A, B, and S are subsets of V(G),
S separates A from B in G, or S is an AB-separator in G, if all AB-paths of
G have vertices in S. A and B are finitely separable in G if they are
separated by a finite set in G. For A, BV(G), an AB-linkage of G is a set
of pairwise disjoint AB-paths in G. For x # V(G) and AV(G), an
xA-linkage of G is a set of xA-paths of G which have exactly the vertex x
in common. For x, y # V(G), an xy-linkage of G is a set of pairwise inter-
nally disjoint xy-paths of G. Note that, with these definitions, an
[x]A-linkage is generally different from an xA-linkage, since the first has
87ENDS AND MULTI-ENDINGS
File: 582B 168103 . By:CV . Date:15:05:96 . Time:15:55 LOP8M. V8.0. Page 01:01
Codes: 3101 Signs: 2497 . Length: 45 pic 0 pts, 190 mm
at most one element. If there exists an infinite AB-linkage (resp. xA-linkage,
xy-linkage) in G, then we say that A and B (resp. x and A, x and y) are
infinitely linked in G. Clearly x and A (resp. y) are infinitely linked in G if
V(x; G) and A (resp. V( y; G)) are infinitely linked. By Menger's theorem A
and B are infinitely linked in G if and only if they are not finitely separable
in G; while x and y are infinitely linked in G if and only if there exists no
finite subset of V(G)&[x, y] that separates x from y in G.
The distance distG(x, y) between two vertices x and y in a graph G is the
length of a shortest xy-path in G.
2. Ends
2.1. Two rays R and R$ are equivalent in a graph G, in symbols
RtG R$, if there is a third ray which has infinite intersections with R and
with R$. The equivalence classes with respect to tG are called ends of G
(this concept was introduced by Freudenthal [2] and Hopf [6], and later
independently by Halin [3]). Two rays of the same end are also called
end-equivalent. We furthermore mention that RtG R$ if and only if for
every finite set SV(G) tails of R and R$ are contained in the same com-
ponent of G&S.
By [R]G we denote the end of G containing R (in other words, the
equivalence class of R with respect to tG), by T(G) the set of ends of G,
and by CG&S([R])G) the component of G&S which contains a tail of R.
If G is a tree, then two rays of G are end-equivalent in G if and only if
they have a common tail. Hence two disjoint rays of a tree correspond to
different ends of this tree. Therefore, if x is a vertex of a tree G, then the
map R [ [R]G is a bijection from the set of all rays of G originating at x
onto T(G).
2.2. A subgraph H of G is end-respecting (resp. end-complete, end-
faithful) if the canonical map =HG : T(H)  T(G), given by =HG([R]H)=
[R]G for every ray R of H, is injective (resp. surjective, bijective). By
TH(G) we denote the image of =HG , i.e., the set of ends of G having rays
of H as elements.
2.3. We say that a vertex x dominates an end {, in symbols xD{,
if x is infinitely linked to the vertex set of some ray of { (in [15], such a
vertex is called a neighbor of {). Following established conventions, for
AV(G) and 0T(G), we will denote by D(A) (resp. D&1(0)) the set of
all ends { (resp. vertices x) such that xD{ for some x # A (resp. { # 0). For
convenience we write D(x) and D&1({) for D([x]) and D&1([{]), respec-
tively. The relation D is called the domination relation in G and, if
necessary, is also denoted by DG .
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2.4. For 0T(G) let m(0) :=sup [ |R|: R is a set of pairwise
disjoint elements of  0]. If 0=T(G) we write m(G) for m(T(G)), and if
0=[{] we write m({) for m([{]). m({) is called the thickness of { (in [15]
m({) is called the multiplicity of {). We will show in (2.6) that the
supremum is attained, i.e., that there is a set of pairwise disjoint rays in
 0 of cardinality m(0). This way already proved by Halin [4, Satz 1, 5,
Satz 1] when 0=T(G) and |0|=1, respectively.
2.5. Proposition. Let 0 be a countable set of ends of a graph G. Then
there exists a set 2 of pairwise disjoint elements of  0 such that |2 & {|=
m({) for each { # 0.
Proof. Let ({n)n<| be such that 0=[{n : n<|]. Construct a sequence
20 , 21 , . . . such that 2n is a set of pairwise disjoint elements of {n with
|2n|=m({n), and ( 2n) & ( 2p)=< if {n{{p , and 2n=2p if {n={p .
By [5, Satz 1] there exists a set 20 of pairwise disjoint elements of {0
with |20 |=m({0). Suppose that 20 , ..., 2n have already been constructed. If
{n+1={i for some in, put 2n+1 :=2n . If {n+1{{i for all in, then there
exists a finite subset S of V(G) such that CG&S({n+1){CG&S({i) for every
in. By the finiteness of S, the component X :=CG&S({n+1) is an end-
respecting subgraph of G, which moreover satisfies m(=&1XG({n+1))=
m({n+1). Hence, by [5, Satz 1], there exists a set 2n+1 of pairwise disjoint
elements of =&1XG({n+1) with |2n+1|=m({n+1).
Finally, 2 :=n<| 2n is a set of pairwise disjoint elements of 0 with the
required properties. K
2.6. Theorem. Let 0 be a set of ends of a graph G. Then there exists a
set 2 of pairwise disjoint elements of  0 of cardinality m(0).
Proof. This is obvious if m(0) is finite. Assume that m(0) is uncountable,
and let 2 be a set of pairwise disjoint elements of  0 which is maximal
with respect to inclusion. We claim that |2|=m(0). Suppose that |2|<
m(0). Then there exists an infinite set 2$ of pairwise disjoint elements of
 0 with |2|<|2$|m(0). Then, since | 2|=|2|<|2$|, there is a ray
R # 2$ such that R & ( 2)=<, contrary to the maximality of 2.
Assume now that m(0)=|. Then there exists a countable subset 0$ of
0 with m(0$)=|. Thus, by Proposition 2.5, there exists a set 2 of pairwise
disjoint elements of 0$ such that
m(0$) :
{ # 0$
m({)=|2|m(0$).
Hence |2|=|. K
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In order to get some relations between |D&1({)| and m({), we will prove
the following result.
2.7. Lemma. Let } be an uncountable regular cardinal, G a connected
graph, and A a subset of V(G) with |A|}. Then the set
I}(A) :=[x # V(G) : (A&[x]) & CG&S(x){< for all S # [V(G&x)]<}]
is nonempty.
Proof. Suppose that I}(A)=<. For any vertex x denote by LxA an
(x, A&[x])-linkage which is maximal with respect to inclusion, and let
SxA :=V( LxA)&[x]. Then |SxA|<}; otherwise no element of [V(G&x)]<}
would separate x from A. Thus x # I}(A), contrary to the hypothesis.
Let x0 be a vertex of G. Construct inductively the sequence B0 , B1 , ... by
putting B0 :=Sx0A and Bn+1 :=x # Bn SxA for every n0. We have
|Bn|<} for every n0; indeed, |B0 |<}. Suppose |Bn |<}; then |Bn+1|
x # Bn |SxA|<} since } is regular and uncountable. Furthermore,
An<| Bn since G is connected and LxA is maximal for all x. Hence
|A|n<} |Bn |<} since } is regular and uncountable, contrary to the
hypothesis |A|}. K
2.8. Proposition. Let } be an uncountable regular cardinal, G a connected
graph, and 0 a subset of T(G) with m(0)}. Let
I}(0) :=[x # V(G) : CG&S(x) contains an element of  0
for all S # [V(G&x)]<}].
Then the following assertions hold:
(i) I}(0){<;
(ii) m(0X)<} for every X # CG&I}(0) , where 0X :==
&1
XG(0 & TX (G));
(iii) |I}(0)|} or |[X # CG&I}(0) : 0 & TX (G){<]|}.
Proof. (i) Let R be a set of pairwise disjoint elements of  0 which
is maximal with respect to inclusion. |R|=m(0)} since } is uncoun-
table. Put A :=V( R). Clearly |A|=|R|}. Let I}(A) :=[x # V(G) :
(A&[x]) & CG&S(x){< for all S # [V(G&x)]<}]. We prove that
I}(A)=I}(0).
Obviously I}(0)I}(A). Conversely let x  I}(0). Then there exists
S # [V(G&x)]<} such that CG&S(x) contains no element of  0. Since
|S|<}|R|, we have |RS|<}, where RS :=[R # R : R & CG&S(x){<].
Hence, |V( RS)|<}. Then S$ :=S _ (V( RS))&[x]) # [V(G&x)]<}
and (A&[x]) & CG&S$(x)=<, which implies that x  I}(A).
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Therefore I}(A)=I}(0); thus I}(0){< by Lemma 2.7.
(ii) Let X # CG&I}(0) . If m(0X)} then I}(0X){< by (a); but
I}(0X)I}(0). Thus I}(0) & V(X ){<, contrary to the definition of X.
(iii) Suppose that |I}(0)|} and |1 |}, where 1 :=[X # CG&I}(0) :
0 & TX (G){<]. Then }m(0)|I}(0)|+X # 1 m(0X)<} by (b) and
the regularity of }, which is impossible. K
2.9. Remark. We may have I}(0)=< if } is a singular cardinal, as is
shown by the following example. Let } be a singular cardinal of cofinality
|, and let (}n)n<| be a strictly increasing sequence of infinite cardinals less
than } such that n<| }n=}. Let (Gn)n<| be a family of pairwise disjoint
complete graphs such that |Gn |=}n , and for every n, let Sn # [V(Gn)]|.
Finally let G :=n<| (Gn _  [( (x, y)): (x, y) # Sn_Sn+1].
This graph G has a unique end, say {. We have m({)=n<| (T(Gn))=
n<| }n=}, while I}({)=< since the degree of any vertex is less than }.
2.10. Corollary Let { # T(G), and let } be an uncountable regular
cardinal. Then |I}({)|| if m({)}.
Proof. W.l.o.g. we suppose that G is connected. Let 1 :=[X # CG&I}({) :
{ # TX (G)]. If I}({) is finite, then, on the one hand |1 |=1 by the definition
of ends, and on the other hand |1 |} by Proposition 2.8. Thus I}({) is
infinite. K
2.11. Proposition. Let { # T(G). Then |D&1({)|<| implies m({)|.
Proof. Suppose that m({)|1 . Then I|1({) is infinite by 2.10. Hence so
is D&1({) since I|1({)D
&1({). K
2.12. Lemma. Let { # T(G). Any two distinct vertices of G which
dominate { are infinitely linked.
Proof. Let x and y be two elements of D&1({). Denote by H the graph
G where the edge [x, y], if it exists, has been removed, and let R be a ray
of H belonging to {. Then CH&S(x)=CH&S(R)=CH&S( y) for every finite
subset S of V(H&[x, y]). By Menger's theorem this proves that x and y
are infinitely linked. K
2.13. Proposition. Let { # T(G). If m({) is finite, then |D&1({)| is also
finite.
Proof. Assume that D&1({) is infinite. We construct by induction a
family of paths (W pn )n<|, p<| such that the endpoints of W
p
n belong to
D&1({), W pn & W
p$
n$ =< if n{n$, W
p
n =< if n>p, W
n
n=(x
n
n) if n>0, and
W p+1n is an x
p
n x
p+1
n -path with W
p
n & W
p+1
n =(x
p
n ) whenever np.
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Let W 00 :=< and suppose we already constructed (W
p
n )n<| for some
p0. We then construct W p+1n and a set An by induction on n. Let
W p+10 :=< and A0 :=V(n<|, ip W
i
n). A0 is finite since W
i
n=< when
i>n by hypothesis. Assume that W p+1n and An are constructed for some
n0 so that An is finite.
v If n<p, since An is finite and D&1({) infinite, there exists an
x p+1n+1 # D
&1({)&An , and by 2.12, an x pn+1 x
p+1
n+1 -path, say, W
p+1
n+1 , such
that V(W p+1n+1 ) & An=[x
p
n+1]. We define An+1 :=An _ V(W
p+1
n+1 ).
v If n=p then W pp+1=< by hypothesis. Since Ap is finite and
D&1({) infinite, there exists an x p+1p+1 # D
&1({)&Ap . We define W p+1n+1 :=
(x p+1p+1 ) and Ap+1 :=Ap _ [x
p+1
p+1 ].
v If n>p we let W p+1n+1 :=<.
Finally (p<| W pn )n1 is an infinite family of pairwise disjoint rays
which belong to { since each of them contains infinitely many vertices that
dominate {. Therefore the thickness of { is infinite. K
3. Special Sets of Vertices
3.1. Lemma. Let G be a graph, and let A be an infinite subset of V(G)
such that, for any finite SV(G), only finitely many components of G&S
have an infinite intersection with A. Then G contains a ray R such that A is
infinitely linked to V(R).
Proof. We construct the sequences G0 , G1 , ... of induced subgraphs of
G, a0 , a1 , ... and x0 , x1 , ... of vertices of G, and P0 , P1 , ... of paths of G such
that, for every n:
v Gn+1/Gn ;
v for every finite SV(G), the set [X # CGn&S : V(X ) & A is infinite]
is finite and nonempty;
v Pn is an xn an-path containing xn+1 such that Pn&Gn=(xn) if
n>0.
Let G0 :=G, let a0=x0 be an element of A, and let P :=(a0). Suppose
that G0 , ..., Gn ; a0 , ..., an ; x0 , ..., xn ; and P0 , ..., Pn have already been
constructed. By the induction hypothesis the set [X # CGn&Pn : V(X ) & A is
infinite] is finite and nonempty. Then clearly at least one of the components
of Gn&Pn , say Gn+1 , has the same property as Gn with respect to A. Let
an+1 # V(Gn+1) & A, xn+1 # B(Gn&Gn+1 , Gn+1)V(Pn), and let Pn+1 be
an xn+1an+1-path such that Pn+1&Gn+1=(xn+1).
Then R :=n<| Pn(xn , xn+1) is a ray of G, and (Pn(xn+1 , an+1))n<| is
an infinite AV(R)-linkage. K
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3.2. Definition. An infinite set A of vertices of a graph G is concentrated
in G if any two infinite subsets of A are not finitely separable in G.
For example, the vertex set of any ray of a graph G is concentrated in G.
Note that any infinite subset of a concentrated set is also concentrated.
3.3. Theorem. Let A be an infinite set of vertices of a graph G. The
following are equivalent:
(i) A is concentrated in G;
(ii) every countably infinite subset of A is concentrated;
(iii) there exists an end { of G such that A&CG&S({) is finite for every
finite SV(G).
Because of (iii), such a set A is said to be concentrated in {.
Proof. The implication (i) O (ii) is trivial.
(ii) O (i). Suppose that A satisfies (ii). Let B and C be two infinite
subsets of A, and B$B and C$C countably infinite. Since B$ _ C$ is
countably infinite, thus concentrated by (ii), the subsets B$ and C$ are then
not finitely separable. Hence a fortiori B and C are not finitely separable,
which proves that A is concentrated.
(i) O (iii). Suppose that A is concentrated, and let S be a finite subset
of V(G). Then there exists exactly one component of G&S whose intersection
with A is infinite. Therefore, by Lemma 3.1, A is infinitely linked to the
vertex set of some ray R of G. Consequently, since A is concentrated,
A&CG&S$([R]G) is necessarily finite for any finite S$V(G).
(iii) O (i). Suppose that A satisfies (iii), and let S be a finite subset of
V(G). Then any infinite subset of A meets CG&S$({). Hence any two infinite
subsets of A cannot be separated by S. Therefore A is concentrated. K
3.4. A set A of vertices of a graph G will be said to be finitely
separable from an end { of G, if A & V(CG&S({))=< for some finite
SV(G).
3.5. Lemma. Let A be an infinite set of vertices of a graph G, and let
{ # T(G). The following are equivalent:
(i) A is not finitely separable from {;
(ii) A is infinitely linked to the vertex set of some (thus any) element
of {;
(iii) a subset of A is concentrated in {.
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Proof. The equivalence of (i) and (ii) is obvious. The implication
(iii) O (i) is an immediate consequence of Theorem 3.3. We now prove
(ii) O (iii). Let 4 be an infinite AV(R)-linkage for some R # {, and let C be
the set of endpoints in A of the elements of 4. Then C is concentrated in
{ by 3.3 (iii), since C&CG&S({) is finite for any finite SV(G). K
3.6. Definition. A set A of vertices of a graph G is fragmented in G if
its elements are pairwise separated in G by a finite set SV(G), i.e.,
CG&S(x){CG&S( y) for every pair [x, y] of elements of A&S.
In particular every subset of a fragmented set is fragmented, and any
finite set S of vertices is fragmented since its elements are pairwise
separated by S itself.
3.7. Theorem. Let A be an infinite set of vertices of a graph G. The
following are equivalent:
(i) A is fragmented in G;
(ii) every countable infinite subset of A is fragmented;
(iii) any disjoint subsets of A are finitely separable.
Proof. The implications (i) O (ii) and (i) O (iii) are trivial.
(iii) O (i). Suppose that A is not fragmented. Let S be a finite subset
of V(G). We have two cases.
There exist infinitely many components of G&S which contain more
than one element of A. Then there are two infinite subsets Bi :=
[xin : n|] of A, i=0, 1, such that x
0
n and x
1
n are two distinct vertices of
one of the components of G&S, while xin and x
i
p are vertices of different
components of G&S if n{p. B0 and B1 are then two disjoint subsets of A
which cannot be finitely separated.
There exist only finitely many components of G&S which contain more
than one element of A. Thus, since A is infinite and not fragmented, there
exists at least one component of G&S whose intersection with A is infinite.
By Lemma 3.1, A is infinitely linked to the vertex set of some ray of G.
Thus, by Lemma 3.5, A has a subset C which is concentrated. Therefore
any two disjoint infinite subsets of C are not finitely separable.
(ii) O (i). Suppose that A is not fragmented. By (iii) there exist two
disjoint infinite subsets B and C of A which are not finitely separable.
Hence there exists an infinite BC-linkage 2 in G. Let 2$ be a countably
infinite subset of 2, and denote by B$ and C$ the set of all endpoints of the
elements of 2$ belonging to B and C, respectively. Then B$ and C$ are two
disjoint infinite subsets of A which are not finitely separable. This proves,
by the equivalence of (i) and (iii), that the countably infinite set B$ _ C$ is
not fragmented. K
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3.8. Theorem. Every infinite set of vertices of a graph has an infinite
concentrated or an infinite fragmented subset.
Proof. Let A be an infinite subset of V(G). Suppose that A has no
infinite fragmented subset. Let S be a finite subset of V(G). Then there are
only finitely many components of G&S that meet A, otherwise by picking
an element of A in each of these components one would get an infinite
fragmented set, contrary to the hypothesis. Thus, as A is infinite, there
exists at least a component of G&S that contains an infinite subset of A.
Therefore, by Lemma 3.1, A is infinitely linked to the vertex of the set of
some ray; hence, by Lemma 3.5, A has a subset which is concentrated. K
3.9. Proposition. Let A be a set of vertices of a graph G. The following
are equivalent:
(i) A is finitely separable from each end of G;
(ii) A has no concentrated subset;
(iii) every infinite subset of A contains an infinite fragmented subset.
These equivalences are immediate consequences of 3.5 and 3.8.
3.10. Definition. A set of vertices of a graph G is dispersed in G if it
satisfies the conditions of Proposition 3.9.
Every fragmented set is dispersed, and every subset of a dispersed set is
dispersed. Besides, a graph is rayless if and only if its vertex set is dispersed.
3.11. Proposition. Let A be an infinite set of vertices of a graph G. The
following are equivalent:
(i) for any finite SV(G), only finitely many components of G&S
meet A;
(ii) A has no infinite fragmented subset;
(iii) every infinite subset of A contains a concentrated subset.
These equivalences are immediate consequences of 3.1, 3.5, and 3.8.
3.12. Definition. A set of vertices of a graph G is tight in G if it
satisfies the conditions of Proposition 3.11.
Clearly every cofinite induced subgraph of a graph G has finitely many
components if and only if V(G) is tight. By 3.8, 3.9, and 3.11, a graph is
finite if and only if its vertex set is dispersed and tight.
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4. Topological Aspects
The definitions and properties about uniform spaces which are used in
the sequel can be found in Bourbaki [1] or Page [9].
4.1. Let G be a graph. For every finite SV(G) we denote by S
the relation on V(G) defined by
(x, y) # S if and only if x=y or CG&S(x)=CG&S( y).
S is clearly an equivalence relation. Moreover, ( S1 _ S2
t
)S1
t
_ S2
t
for all
finite S1 , S2V(G). Then obviously:
The family (S )S # [V(G)]<| is a base of a uniformity on V(G),
that will be denoted by SG .
We recall that a uniformity generated by a family of equivalence relations
is called an ultrauniformity.
4.2. The topology induced by SG is discrete since [x~ ](x)=[x] for
every x # V(G). Furthermore, if G is a finite graph, then SG is also discrete
since V(G)
t
=idV(G) , but the converse is not true as is shown by the infinite
complete bipartite graph K1, | .
If G contains a ray, say (x0 , x1 , . . .) , then the uniform space (V(G), SG)
is not complete. Indeed, (xn)n0 is a Cauchy sequence since, for any finite
SV(G), there exists an integer n00 such that nn0 implies xn  S; thus
xn # S (xn0). Moreover, this sequence is not convergent since the topology is
discrete. The converse of this result, which also holds, is an immediate con-
sequence of what follows.
4.3. For every finite SV(G) we denote by S the natural extension
of S to V (G) :=V(G) _ T(G) defined by
(x, y) # S if and only if x=y or CG&S(x)=CG&S( y).
As before ( S1 _ S2
t
)S1@ _ S2@ for all finite S1 , S2V(G). Then:
The family (S )S # [V(G)]<| is a base of a Hausdorff ultrauniformity
on V (G) that will be denoted by S .
4.4. Theorem. (V (G), S G) is the completion of (V(G), SG).
Proof. First notice that V(G) is dense in V (G) since, for any end { and
any finite SV(G), <{V(CG&S({))=V(G) & S ({). Thus it is sufficient to
show that (V (G), S G) is complete. Let F :=(FS)S # [V(G)]<| be a Cauchy
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filter base of this space; i.e., FS is an equivalence class of S . We have to
show that F is convergent, thus that S # [V(G)]<| FS{<. Assume that F
does not converge to some vertex. Then, for any finite SV(G), AS :=
FS & V(G) is the vertex set of some component of G&S. Let
VF :=[x # V(G) : V(x; G) & AS{< for every S # [V(G)]<|].
Obviously, if x # VF then, for any finite SV(G), the set V(x; G) & AS is
infinite, and, moreover, x  S implies x # AS . We have two cases.
Case 1. VF is infinite. For every finite SV(G), the set VF&AS is
finite; hence, by Theorem 3.3, VF is concentrated in some end {. Therefore
{ # S # [V(G)]<| FS .
Case 2. VF is finite. W.l.o.g. we can assume that VF=<, since
otherwise we would consider the subgraph G&VF. Let x # V(G). Construct
a sequence S0 , S1 , . . . of finite subsets of V(G) as follows. Let S0 :=[x].
Suppose that S0 , ..., Sn have already been constructed. As VF is empty,
there exists a finite subset of ASn , say Sn+1, such that ASn+1 &
B(G[ASn])=<. Finally put B :=n<| Sn .
Let S be a finite subset of V(G). There exists n>0 such that
distG(x, s)<n for all s # S. Thus S & ASn=< by the construction of Sn .
Hence ASnAS since ASn & AS{<. Therefore, B&ASB&ASn=
S0 _ } } } _ Sn&1; thus B&AS is finite. This implies, by Theorem 3.3, that B
is concentrated in some end {, and, consequently, that { # S # [V(G)]<| FS . K
4.5. Proposition. G is finite if and only if the space (V(G), SG) is
compact. More precisely, (V(G), SG) is complete (resp. totally bounded) if
and only if V(G) is dispersed (resp. tight).
This is obvious by what preceded and by the last remark of Section 3.
4.6. In the following we will denote by S*G the uniformity induced
on T(G) by S G . It is obviously generated by the family (S*)S # [V(G)]<| ,
where S* is the relation on T(G) defined by
({, {$) # S* if and only if CG&S({)=CG&S({$).
Clearly, (T(G), S*G) is a complete Hausdorff ultrauniform space which is
compact if and only if every cofinite subgraph of G has only finitely many
components that contain a ray.
From now on we will assume that the end set T(G) of a graph G is
endowed with the topology induced by S*G , i.e., the topology such that, for
every end {, the family (S*({))S # [V(G)]<| is a local basis at the point {.
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For this topology, which will be called the end topology and which was
introduced by Jung [8], the closure of a subset 0 of T(G) is the set
0 :=[{ # T(G) : for any finite SV(G) there is {$ # 0
such that CG&S({)=CG&S({$)];
i.e., 0 is the set of all ends of G which are not ``finitely separable'' from 0.
An isolated point of T(G) is what is usually called a free end of G.
4.7. Proposition. The end space T(T) of the dyadic tree T is homeo-
morphic with the Cantor space 2|.
Proof. Since T is locally finite, for every finite SV(T), the quotient set
T(T)S* is finite. Hence the space T(T) is compact and S # [V(G)]<| T(T)S*
is a countable base of closed and open sets. Therefore T(T ) is a compact,
metrizable, zero-dimensional (thus totally disconnected) space, which,
moreover, is perfect; thus it is homeomorphic with the Cantor space. K
4.8. Theorem. If the end space T(G) of a graph G contains a nonempty
perfect set 0, then G contains an end-respecting subdivision T of the dyadic
tree such that TT (G)0.
Proof. Construct sequences T0 , T1 , ... of trees of G, S0 , S1 , ... of finite
subsets of V(G), and 10 , 11 , ... of sets of subgraphs of G such that:
v Tn/Tn+1;
v 1n is a set of 2n components of G&Sn , such that TX (G) & 0{<
for every X # 1n ;
v Tn+1 has exactly one vertex in each element of 1n+1, and this
vertex does not belong to Tn .
Let x0 be some vertex of G, T0 :=(x0) , S0 :=< and 10 :=[G]. Suppose
that T0 , ..., Tn , S0 , ..., Sn , and 10 , ..., 1n have already been constructed. Let
X # 1n , and let x be the only vertex of Tn & X. Since 0X :=TX (G) & 0{<
and since 0 is perfect, there exists a finite subset SX of V(X ) which
separates two elements of 0X , i.e., such that there are two components
Y0(X ) and Y1(X ) of X&S with TX (G) & 0{<. In addition we choose SX
so that x  V(Yi (X )) for any i=0, 1. Since X is connected, there exists a
finite tree TX containing x and exactly one vertex in Yi (X ) for i=0, 1, and
that is minimal with respect to inclusion. Due to this minimality, TX has
at most one vertex of degree 3; all other vertices having degrees less
than 3. Put Tn+1 :=Tn _ X # 1n TX , Sn+1 :=Sn _ X # 1n SX , and 1n+1 :=
X # 1n [Y0(X ), Y1(X )]. These sets clearly have the required properties.
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Finally let T :=n<| Tn . By the construction, T is an end-respecting
subdivision of the dyadic tree. Besides, if R is a ray of T originating at x0 ,
then, for every n<|, there exists Xn # 1n such that R & Xn{<. Hence
[R]G # n<| 0Xn0 =0 since 0 is closed. Thus TT (G)0. K
4.9. Consequences. By 4.8, the end space T(G) of a graph G is scattered
(i.e., contains no nonempty subset which is dense in itself; that is, every
subset 0 of T(G) contains at least an element which can be separated from
all other elements of 0 by deleting a finite set of vertices) if and only if G
contains no end-respecting subdivision of the dyadic tree. Therefore, by 4.7,
the end space of a graph is scattered if its cardinality is less then 2| ; in
particular, the cardinality of the end set of a countable graph G is at most
| or exactly 2| according as T(G) is scattered or not.
4.10. We will denote by D(G) the set of all dispersed sets of a
graph G. Note that a set A of vertices of G is dispersed in G if and only
if it is closed for the S G -topology. For any A # D(G) let
A := [S : S # [A]<|], A* := [S*: S # [A]<|].
A and A* are equivalence relations on V (G) and T(G), respectively, such
that (A1 _ A2@ )A1@ & A2@ and (A _ B)*A* & B* for any dispersed sets A
and B of G. Hence,
The family (A )A # D(G) resp. (A*)A # D(G)) is a base of an
ultrauniformity on V (G) (resp. T(G)), that will be denoted
by U G (resp. U*G).
4.11. Theorem. The uniformity U G (resp. U*G) is Hausdorff, complete,
and compatible with the S G -topology (resp. S*G-topology).
Proof. U G and U*G are finer than S G and S*G , respectively, which are
Hausdorff and complete. Besides, for any A # D(G) and { # T(G), there
exists a finite SV(G) such that S*({)A*({). Hence U G and U*G are
compatible with the S G -topology and the S*G-topology, respectively.
Therefore the spaces (V (G), U G) and (T(G), U*G) are complete. K
We will see that these uniformities are the finest ultrauniformities with
these properties. To, prove this, we will first have to prove certain properties
of dispersed sets.
4.12. Proposition. Let G be a graph. Then the following assertions hold:
(i) Let A # D(G) and { # T(G), then there exists exactly one component
of G&A which contains an element of {. This component will be denoted by
CG&A({).
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(ii) Let A # D(G) and X be a component of G&A. Then D(X )=
D(G) & P(V(X )).
(iii) The union of a finite family of dispersed sets of G is dispersed.
(iv) Let A # D(G) and, for each component X of G&A, let AX # D(X ).
Then A _ X # CG&A AX # D(G).
Proof. (i) is trivial.
(ii) Let B be a subset of V(X ). Suppose that B # D(G), and let
{ # T(X ). There exists a finite SV(G) such that B & CG&S(=XG({))=<.
Then B & CX&S({)=<. Hence B # D(X ).
Conversely, suppose that B # D(X ), and let { # T(G). Since A # D(G)
there exists a finite SV(G) such that A & CG&S({)=<. If {  TX (G) then
B & CG&S({)=<. If { # TX (G) then, since B # D(X ), there exists a finite
S$V(X ) such that B & CX&S$(=&1XG({))=<. Thus B & CG&S _ S$({)=<
and, therefore, B # D(G).
(iii) It suffices to prove that the union of two dispersed sets A0 and
A1 is dispersed. Let { # T(G). For i=0, 1 there exists a finite SiV(G)
such that Ai & CG&Si ({)=<. Then (A0 _ A1) & CG&S0 _ S1({)=<. Hence,
A0 _ A1 # D(G).
(iv) Let B :=A _ X # CG&A AX , and let { # T(G). By (i) there exists
exactly one component X of G&A containing some elements of {. By (ii)
A # D(G); thus, by (iii), A _ AX # D(G). Hence, there exists a finite
SV(G) such that (A _ AX) & CG&S({)=<. Therefore, B & CG&S({)=<.
Consequently, B # D(G). K
4.13. Let A be a dispersed set of G. A is said to separate two ends
{ and {$ of G if ({, {$)  A*. More generally, A separates two disjoint subsets
% and %$ of T(G) if A* & (%_%$)=<). Furthermore, A pairwise separates
the elements of a subset % (resp. a set 0 of pairwise disjoint subsets) of T(G)
if A* & (%_%)=id% (resp. |0|1 or A* & (%_%$)=< for every pair of
distinct elements % and %$ of 0). Note that, if |0|1, then < pairwise
separates the elements of 0.
4.14. Lemma. Let G be a graph, and let 0 be a set of pairwise disjoint
nonempty subsets of T(G) such that the set 0$ is closed for every 0$0.
Then there exists a dispersed set of G which pairwise separates the elements
of 0.
Proof. In the following, if S is a finite subset of V(G), X is a component
of G&S, and % is an element of 0, we will denote by %(X ) the set
=&1XG(% & TX (G)). Furthermore, we set 0(X ) :=[%(X ): % # 0]. Assume that
there exists no dispersed set of G which pairwise separates the elements of 0.
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(a) We first claim that, for any finite subset S of V(G), there exists
a component X of G&S such that no dispersed set of X pairwise separates
the elements of 0(X ). Otherwise, if such a dispersed set AX existed for
every X # CG&S , then the set S _ X # CG&S AX , which is dispersed in G by
4.12(iv), would pairwise separate the elements of 0, contrary to the
assumption. Indeed, let ({, {$) # %_%$ where % and %$ are distinct elements
of 0. We are done if CG&S({){CG&S({$). Suppose that CG&S({)=
CG&S({$)=: X. Since AX separates %(X ) from %$(X ), there exists a finite
SXAX which separates =&1XG({) from =
&1
XG({$). Hence, S _ SX clearly
separates { from {$.
(b) Now we construct by induction eight sequences: S0 , S1 , ...;
X0 , X1 , ...; x0 , x1 , ...; P0 , P1 , ...; and for i=0, 1, %i0 , %
i
1 , ... and R
i
0 , R
i
1 , ...,
such that, for any n0 and i=0, 1:
v Xn+1 is a component of Xn&Sn+1 such that no dispersed set of
Xn+1 pairwise separates the elements of 0(Xn+1) (in particular this implies
that |0(Xn+1)|>1);
v xn+1 # B(Xn+1);
v Pn+1 is an xnxn+1-path of Xn such that Pn+1 & Xn+1=(xn+1);
v %in is an element of 0 such that %
i
n(Xn){<;
v %in=%
i
n+1 if %
i
n(Xn+1){<;
v %in{%
1&i
p for every nonnegative integers n and p;
v Rin is a ray of Xn&Xn+1 originating at xn with [R
i
n]G # %
i
n ;
v Sn+1 is a finite subset of (V(Xn) containing xn which separates
[Rin]Xn from (0(Xn)&%
i
n(Xn)).
Let X0 :=G, S0 :=<, x0 # V(G), P0 :=(x0) , %00 and %
1
0 be distinct
elements of 0, and, for i=0, 1, let Ri0 be a ray of G originating at x with
[Ri0]G # %
i
0 . Suppose that S0 , ..., Sn ; X0 , ..., Xn ; x0 , ..., xn ; P0 , ..., Pn ;
%i0 , ..., %
i
n and R
i
0 , ..., R
i
n , i=0, 1, have already been constructed. The set
S0 _ } } } _ Sn is finite, and Xn is a component of G&S0 _ } } } _ Sn . Thus,
for i=0, 1, the set  (0(Xn)&%in(Xn)) is closed since so is  (0&%
i
n) by
the definition of the set 0. Hence, there exists a finite AnV(Xn) which
separates [Rin]Xn from  (0(Xn)&%
i
n(X )) in Xn . Furthermore, we can
choose An so that xn # An . By (a) there exists a component Yn of Xn&An
such that no dispersed set of Yn can pairwise separate the elements of
0(Yn). Thus, for i=0, 1, [Rin]G  TYn(G), for otherwise 0(Yn)=[%
i
n(Yn)]
by the definition of An which contradicts the definition of Yn . Thus, there
exists a finite subset of Xn , say Sn+1 , which contains An and V(Rin & Yn)
for i=0, 1. By (a) there exists a component, say Xn+1 , of Yn+1&Sn+1
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such that no dispersed set of Xn+1 can pairwise separate the elements of
0(Xn+1). As for Yn , [Rin]G  TXn+1(G). Hence, R
i
n & Xn+1=< by the
definition of Sn+1.
Now, since Xn is connected, there exists a path Pn+1 in Xn joining xn to
an element xn+1 of B(Xn+1), such that Pn+1 & Xn+1=(xn+1). By the
property of Xn+1, 0(Xn+1) has at least two elements. So, let %0n+1 and
%1n+1 be distinct elements of 0 such that, for i=0, 1, %
i
n+1(Xn+1){<, and
%in+1=%
i
n if %
i
n(Xn+1){<. Finally, for i=0, 1, let R
i
n+1 be a ray of Xn+1
originating at xn+1 with [Rin+1]G # %
i
n+1 .
Put R :=n<| Pn . This graph is a ray of G such that, for i=0, 1,
[R]G # n<| %in=n<| %
i
n by the properties of 0. This implies that
(n<| %0n) & (n<| %
1
n){<, contrary to the construction of the %
i
n 's.
Therefore, the assumption we made does not hold. Hence, there exists a
dispersed set of G which pairwise separates the elements of 0. K
An immediate consequence of Lemma 4.14 which is often useful is the
following:
4.15. Proposition. Let G be a graph. For any closed discrete subspace
0 of T(G) there exists a dispersed set that pairwise separates the elements
of 0.
4.16. In order to reduce the study of the uniformity S to that of
S*, we choose once and for all, for any graph G, a family (Rx)x # V(G) of
pairwise disjoint rays such that, for any vertex x, Rx originates at x and
has only this vertex in common with G. We then define
G+ :=G _ \ .x # V(G) Rx + .
We get the following immediately:
4.17. Proposition. The map x [ [Rx]g+ , x # V(G), is a uniform iso-
morphism from (V (G), S G) onto (T(G+), S*G+).
4.18. Theorem. The uniformity U G (resp. U*G) is the finest ultra-
uniformity compatible with the S G -topology (resp. S*G-topology).
Proof. An ultrauniformity A on T(G) (resp. V (G)) compatible with the
S*G -topology (resp. S G-topology) is generated by a family of equivalence
relations on T(G) (resp. V (G)), such that, if \ is any of these relations, then
each class of \ is closed and open for the S*G -topology (resp. S G-topology).
Note that the union of any set of classes of \ is also closed and open. Thus,
by 4.14 (resp. 4.14 and 4.17) there exists A # D(G) such that A*\ (resp.
A \). Therefore U*G (resp. U G) is finer than A. K
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4.19. In the sequel we will denote the relations S , S , and S* by
S (G) , S (G) , and S*(G) , respectively, if it is not clear from the context in which
graph these relations are studied.
5. Uniformly Compatible Subgraphs
In this section the subgraphs and, in particular, the trees, of a given
graph will be considered with respect to the different structures defined in
Section 4. Two kinds of special subgraphs will be defined: the topologically
end-respecting subgraphs and the uniformly compatible ones.
5.1. Definition. A subgraph H of a graph G is said to be topologically
end-respecting (resp. end-faithful ) if the canonical map =HG is a continuous
injection (resp. homeomorphism).
The following lemma will be useful later to show that, if H is a topologi-
cally end-faithful subgraph of G, then =HG is more than homeomorphism.
5.2. Lemma. Let G and H be two graphs and let f be a homeomorphism
from T(G) onto T(H ). Then f is a uniform isomorphism from (T(G), U*G)
onto (T(H ), U*H).
Proof. Let A # D(H ). Since f is bicontinuous, f &1(%) is closed and open
for every class % of the equivalence relation A*(H ) . Hence 0 :=[ f &1(%):
% # T(H )A*(H )] is a partition of T(G) into closed and open subsets. Thus
the union of any subset of 0 is closed. Hence, by Lemma 4.14 there is a
dispersed set B of G which pairwise separates the elements of 0, thus, such
that B* is included in the equivalence relation %$ # 1 %$_%$=[({, {$): ( f ({),
f ({$)) # A*] induced by 0. Therefore f is uniformly continuous.
Exchanging G and H in the preceding paragraph gives that f &1 is
uniformly continuous too. Consequently f is a uniform isomorphism. K
5.3. Definition. A subgraph H of a graph G is said to be uniformly
compatible if (V(H ), SH) is a uniform subspace of (V(G), SG), i.e., if, for
any S # [V(H )] <|, there exists S$ # [V(G)] <| such that S $(G) & (V(H )_
V(H ))S (H) .
For example, the heavy lines in Fig. 1 are the edges of a uniformly
compatible end-faithful spanning tree.
5.4. Proposition. Let H be a uniformly compatible subgraph of a graph
G, and let iH be the canonical injection from V(H ) into V(G). Then the
extension i^H of iH to V (H ) such that i^H | T(H )==HG , is a uniform embedding
from (V (H ), S H) into (V (G), S G).
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Figure 1
Proof. This is an elementary property of uniform spaces, since
(V (H ), S H) is the completion of the uniform subspace (V(H ), SH) of
(V(G), SG). K
We get the following immediately:
5.5. Corollary. Any uniformly compatible subgraph is topologically
end-respecting.
5.6. Theorem. Let H be a subgraph of a graph G. The following are
equivalent:
(i) H is uniformly compatible;
(ii) if two subsets of V(H ) are finitely separable in H, then they are
also finitely separable in G;
(iii) if two countable subsets of V(H) are finitely separable in H, then
they are also finitely separable in G.
Proof. The implications (i) O (ii) O (iii) are obvious.
(iii) O (ii). Let A and B be two subsets of V(H ) that are not finitely
separable in G. Then, by Menger's theorem, there exists an infinite
AB-linkage 2 of G. Let 2$ be a countable subset of 2. Denote by A$ and B$
the sets of endpoints of the elements of 2$ which are in A and in B, respec-
tively. Then A$ and B$ are countable subsets of A and B, respectively,
which are not finitely separable in G, thus not in H by (iii). Hence a
fortiori, A and B are not finitely separable in H.
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(ii) O (i). Let S be a finite subset of V(H ), and let , # >X # CH&S V(X )
be a choice function for the family of components of H&S. The set
S, :=S _ im(,) is dispersed in H. Then it is also dispersed in G; otherwise,
by Theorem 3.7, there would exist two disjoint subsets A and B of S, which
would not be finitely separable in G. Thus, they would also not be finitely
separable in H by (ii), contrary to the fact that S, is dispersed in H. There-
fore, there exists a finite AV(G) which pairwise separates the elements of
S, in G. W.l.o.g. we can suppose that SG.
The set 1 :=[X # CG&H : V(X ) & A{<] is finite, since A is finite. In
addition, two different elements X and Y of CG&H&1 are separated by A
in G; otherwise, one would have (,(X ), ,(Y)) # A , contrary to the defini-
tion of A.
Now let X # 1 and let C(X ) := [V(Y ): Y # CG&H&[X ]). By (ii), as S
separates V(X ) from C(X ) in H, there exists a finite AXV(G) which
separates V(X ) from C(X ) in G.
Put B :=A _ X # 1 AX . This is a finite set such that B (G) & (V(H )_
V(H ))S (H) , which proves that (V(H ), SH) is a uniform subspace of
(V(G), SG). K
Note that, because of the equivalence (i)  (ii) of the preceding theorem,
a uniformly compatible subgraph is what Jung called a reduced subgraph
in [8].
5.7. Now let us recall what Jung [7] called a quasi-normal tree.
Given a tree T and two vertices x and y of T, we will denote by Txy the
unique xy-path of T. Moreover, if T is rooted at a vertex a, then a
denotes the natural partial order on V(T) in which a is the least element,
i.e., xa y if and only if x # V(Tay).
A tree T of a graph G is called quasi-normal with respect to a # V(T) if :
N1. for every x, y # V(T ), if [x, y] # E(G) then x and y are com-
parable with respect to a ;
N2. for every component X of G&T, the boundary B(T, X ) is
totally ordered by a .
If, in addition T is a spanning tree of G, then T is said to be normal with
respect to a.
5.8. Theorem. Any quasi-normal tree of a graph is uniformly compatible.
Proof. Let T be a tree of a graph G which is quasi-normal with respect
to a vertex a. Let A and B be two subsets of V(T ) that are separated in T
by a finite subset SV(T ). By Theorem 5.6, it suffices to show that A and
B are finitely separable in G. Put S$ :=V(x # S Tax). This set is finite; we
will prove that it is an AB-separator in G.
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Let P=(x0 , ..., xn) be an AB-path in G. There exists a pn and a
strictly increasing map _ from [0, ..., p] into [0, ..., n] such that [x_(i) :
0ip]=V(P & T ). Let T $ :=0ip Tx_(i) x_(i)+1 . This graph is a finite
subtree of T that contains V(P & T), thus Tx0xn . Note that, by axioms N1
and N2, if the subpath P(x_(i) , x_(i)+1) of P is not a path of T, then x_(i)
and x_(i)+1 are comparable for a . Hence y :=inf V(T $) # V(P & T ).
Besides, since S separates A and B in T, there exists z # S & V(Tx0xn).
Hence ya z, since Tx0xnT $. Therefore y # S$, which proves that
S$ & V(P){<, hence that S$ separates A and B in G. K
The converse is not true as is shown by the following example. Let
T :=( . . ., x&1, x0 , x1 , . . .) be a double ray (i.e., a two-way infinite path),
and let G :=T _ [(xn , xn+2): n # Z]. Then T is clearly a uniformly com-
patible spanning subgraph of G, but it is not normal with respect to xn , for
any n.
5.9. Lemma. Let H be a uniformly compatible subgraph of G. Then any
infinite subset of V(H) which is concentrated in G is also concentrated in H.
Proof. Let AV(H) be concentrated in G. Then any two infinite
subsets of A are not finitely separable in G, thus in T by Theorem 5.7.
Hence A is concentrated in T. K
5.10. Definition. A family (Ai) i # I of subsets of V(G) such that
i # I Ai*=idI(G) will be said to be end-separating.
5.11. Lemma. Let G be a connected graph, and let (An)n| be a countable
end-separating family of dispersed sets of G. Then there exists a uniformly
compatible end-faithful tree T of G such that n<| AnV(T ).
Proof. Let a # V(G). By Satz 6 of [7] G contains a tree T that is quasi-
normal with respect to a and that contains A :=n<| An .
First let us prove that G contains every cluster point of T(G), that is,
every end of G which is not a free end. Let { be such an end. Then, since
the family (An)n<| is end-separating, the set A and, hence, also V(T), is
not finitely separable from {. Hence, by 3.5, there exists a subset of V(T )
that is concentrated in { in the graph G, and therefore also concentrated in
T by 5.9. Consequently, T contains an element of {.
Therefore an end of G that has no representative in T is a free end.
Denote by 0 the set T(G)&TT (G), and let { # 0. By Lemma 5.9, there
exists no subset of V(T) which is concentrated in {. Hence, by Lemma 3.5,
V(T ) is separated from { in G by a finite set S. Thus, there exists a component
X{ of G&T that contains CG&S({). Put S{ :=B(T, X{). We claim that S{
is finite. Suppose that it is infinite. Then it is included in the vertex set of
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some ray R originating at a, as, by N2, it is totally ordered by a . There-
fore, by the properties of the family (An*)n<| and the fact that n<| An
V(T ), we have An*([R]G)=An*({) for every n, thus R # {, contrary to the
choice of {.
The supremum of S{ exists and belongs to S{ , since this set is finite and
totally ordered. Denote this element by x{ , and let R{ be a ray in {
originating at x{ such that R{ & T=(x{). Finally, note that if { and {$ are
two distinct elements of 0, then X{{X{$ since ({, {$)  An* for some n.
Put T $ :=T _ { # 0 R{ . This graph is clearly an end-complete tree of G
that is quasi-normal with respect to a, hence, that is uniformly compatible
and end-faithful by 5.8 and 5.5, which completes the proof. K
5.12. Lemma. If T is a tree, then T(T) is ultrametrizable, and V(T) has
a countable cover by dispersed sets.
Proof. Take any vertex a of T, and, for every non negative integer n,
let A :=[x # V(T) : distT (a, x)n]. Then An is dispersed, and the family
(An*)n<| generates an ultrametrizable uniformity (i.e., a uniformity having
a countable base of equivalence relations). Moreover, this uniformity is
compatible with the end topology, since any finite subset of V(T ) is
included in an An for some n0. Also (An)n<| is a cover of V(T ). K
5.13. Theorem. Let G be a connected graph. The following assertions
are equivalent:
(i) G has a uniformly compatible end-faithful tree;
(ii) G has a topologically end-faithful tree;
(iii) G has a topologically end-faithful forest;
(iv) there exists a tree T such that T(G) and T(T ) are homeomorphic;
(v) there exists a tree T such that (T(G), U*G) and (T(T), U*T) are
uniformly isomorphic;
(vi) G has an end-separating countable family of dispersed sets;
(vii) the space T(G) is ultrametrizable.
Proof. The implications (i) O (ii), (iv) O (v), and (vi) O (i) are conse-
quences of Corollary 5.5, of Lemma 5.2, and of Lemma 5.11, respectively;
(ii) O (iii) is obvious.
(iii) O (iv). Let F be a topologically end-faithful forest of G, and let
(Ti) i # I be the family of its components. For each i # I, let ai be a vertex of
Ti , and let a be a new vertex that does not belong to V(F ). Denote by T
the tree obtained by adding to F the vertex a, and the edges [a, ai], i # I.
Then T is clearly homeomorphic with T(F ), hence with T(G).
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(v) O (vi). Let T be tree such that (T(G), U*G) and (T(T), U*T) are
uniformly isomorphic. By 5.12, T(T) is ultrametrizable. Hence, there exists
a countable family (An)n<| of dispersed sets of T such that n<| An*=
idT (T ) since T(T ) is Hausdorff. As (T(G), U*G) is uniformly isomorphic to
(T(T ), U*T), there exists a countable family (\n)n<| of symmetric and
transitive entourages of U*G whose intersection is the identity. Therefore
there exists a countable family (Bn)n<| of dispersed sets of G such that
Bn*\n for every n, hence such that n<| Bn*=id T(G) .
(ii) O (vii). By (ii) T(G) is homeomorphic to the end space of a tree;
hence it is ultrametrizable by Lemma 5.12.
(vii) O (vi). Suppose that T(G) is ultrametrizable. Then the ultra-
metrizable uniformity compatible with the end topology has a countable
base (\n)n<| of equivalence relations. For every n, the quotient set T(G)\n
is a set of pairwise disjoint nonempty closed and open sets; hence, the union
of any subset of these classes is closed. Therefore, by Lemma 4.14, there
exists a dispersed set An of G which pairwise separates the classes of \n , i.e.,
such that An*\n . Hence, n<| An*n<| \n=idT(G) since the space
T(G) is Hausdorff. K
5.14. Proposition. Let G be a connected graph such that T(G) is com-
pact. Then G contains a uniformly end-faithful tree if and only if G has a
end-separating countable family of finite sets.
Proof. Since T(G) is compact, there is exactly one uniformity which is
compatible with the end topology of G. Therefore S*G=U*G . Hence there is
an end-separating countable family of finite sets if and only if there is an
end-separating countable family of dispersed sets, since each of them induces
the existence of a countable family of entourages of S*G=U*G whose intersec-
tion is the identity relation on T(G). The result is then a consequence of the
equivalence of conditions (i) and (vi) of Theorem 5.13. K
5.15. Theorem. Let G be a connected graph. The following are equivalent:
(i) G has a uniformly compatible end-faithful spanning tree;
(ii) there exists a tree T such that (V(G), SG) and (V(T), ST) are
uniformly isomorphic;
(iii) V(G) has a countable cover by dispersed sets;
(iv) the space V (G) is ultrametrizable.
Proof. The implication (i) O (ii) is trivial.
(ii) O (iii). Let T be a tree and f : V(G)  V(T ) a uniform iso-
morphism from (V(G), SG) onto (V(T ), ST). By Lemma 5.13, V(T ) has a
countable cover (An)n<| by dispersed sets; thus ( f &1(An))n<| is a cover
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of V(G). It remains to prove that f &1(An), for any n, is dispersed in G. Let
B be an infinite subset of f &1(An). Then f (B) is an infinite subset of An
since f is bijective. Therefore, by Proposition 3.9, f (B) contains an infinite
fragmented subset C, i.e., there exists a finite SV(T ) such that S (T ) &
(C_C)=<. Since f is uniformly continuous, there is a finite FV(G)
such that F (G) & ( f &1(C)_f &1(C))=<. Hence f &1(C) is an infinite
fragmented subset of B, which proves, by Proposition 3.9, that f &1(An) is
dispersed in G.
(iii) O (iv). Let G+ be the extension of G as defined in 4.16. Then
any countable family of dispersed sets of G that cover V(G) is end-separating
for G+. Thus the space T(G+) is ultrametrizable by the equivalence of (vi)
and (vii) in Theorem 5.13; hence so is the space V (G) by Proposition 4.17.
(iv) O (i). If V (G) is ultrametrizable then so is the space T(G+) by
Proposition 4.17. Therefore, by the equivalence (i)  (vii) of Theorem 5.13,
the graph G+ has a uniform compatible end-faithful tree T. Consequently,
T & G is a uniform compatible end-faithful spanning tree of G. K
By condition (iii) one gets the following.
5.16. Corollary. Any countable connected graph has a uniformly com-
patible end-faithful spanning tree.
We recall that the equivalence (i)  (iii) of Theorem 5.15 is Theorem 5
of Jung [8]. Sufficient graph theoretic conditions for the existence of
uniformly compatible trees will be given later.
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